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This thesis is dedicated to the non-mathematicians to whom it owes its existence. To my brother Chris Rose, for the coffee sessions in which many ideas were hatched. To my brothers-and-sisters-in-arms Matt Barr, Natalie Holmes, Adam Fahy and Jasmin O'Hara, for the shared writing sessions that made the task easier and enjoyable. To the Wark family-Peter, Katrina, Judy, Delma, Craig, Marden, Alison, Jasmine, Sarah, David, Charlotte and Eliza-for their unwavering support. Likewise, to my parents Mal and Kathy Rose, the inspirational role models who gave me every opportunity to pursue my dreams. Finally, to my incredible wife Kirsty Rose, for her unbounded love and support. Thank you for always believing in me, especially when I did not. (2006)). Lower-right: the set C 3 (1) of dimension log 3 20 (image due to R. Dickau (2008)). . . . 71 4.2.1 Illustration of box integrals for both classical and fractal sets. Each set is overlayed with 100 random uniform samples, with distances indicated by colour (as distance increases, the colour is shifted further towards the violet end of the visible spectrum). Top-left: the fractal box integral B(2, C 2 (1)) is the expected squared distance between a point in the Sierpinski Carpet and the origin. Top-right: the fractal box integral ∆(2, C 2 (1)) is the expected squared separation between two points in the Sierpinski Carpet. Bottom-left: the classical box integral B 2 (2) = B(2, C 2 (2)) is the expected squared distance between a point in the unit square and the origin. Bottom-right: the classical box integral ∆ 2 (2) = ∆(2, C 2 (2)) is the expected squared separation between two points in the unit square. Exact theoretical values for these box integrals are shown below each set; numerical verification of such results is nontrivial (see Section 4.6 and Appendix A). . . . . . . . . . . . . 
Abstract
Motivated by the need for new mathematical tools applicable to the analysis of fractal point-cloud distributions, this thesis presents a measuretheoretic foundation for the consideration of expectations of smooth complex-valued functions over deterministic fractal domains.
Initial development of the theory of fractal expectations proceeds from extension of the classical theory of box integrals (pertaining to separation moments over unit hypercubes) to a special class of fractal sets known as String-generated Cantor Sets (SCSs). An experimental-mathematics approach facilitates the discovery of several closed-form results that indicate the correct formulation of the fundamental definitions of expectations over SCS fractal sets. In particular, functional equations for expectations over SCS fractal sets, supported by the underlying definitions, enable the symbolic evaluation of SCS box integrals in special cases (even-order moments or one-dimensional embeddings) and drive further developments in the theory, including the establishment of pole theorems, rationality results and the construction of a high-precision algorithm for the general numerical computation of SCS expectations.
The fundamental definition of expectations over SCS fractal sets is subsequently generalised to encompass all 'deterministic' fractal sets that can be expressed as the attractor of an Iterated Function System (IFS). This enables the development of generalised functional equations for expectations over IFS attractors; in particular, Proposition 5.3.4: Let F = {X; f 1 , f 2 , . . . , f m } be a contractive IFS with attractor A ∈ H(X). Then the expectation for a complex-valued function F : X n → C satisfies the functional equation:
F (x 1 , x 2 , . . . , x n ) = 1 m n m j 1 =1 m j 2 =1 · · · m jn=1 F (f j 1 (x 1 ), f j 2 (x 2 ), . . . , f jn (x n )) This functional equation permits the evaluation of even-order separation moments over attractors of affine IFSs, including such celebrated fractal sets as the von Köch Snowflake and Sierpiński Triangle. More generally, Proposition 5.3.4 provides a means by which the even-order box integrals of any IFS attractor generated by means of the Collage Theorem in order to approximate to a digital image, such as the Barnsley Fern, may be symbolically resolved.
